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147. FropoBed by B. A. WELLS, Professor of Mathematics, Franklin College, Athens, Ohio. 

Find the locus in space of the point which is equally illuminated by each of two un- 
equal lights whose intensities are a and 6 (a>b), placed at a distance c from each other. 

Solution by WILLIAM HOOVEB, A.M., Ph.D., Prolessor of Mathematics and Astronomy, Ohio University, 
Athens, Ohio. 

Let {x, y, z) be the rectangular coordinates of any one of the illuminated 
points, the mid-point of the line joining the two lights taken along the a;-axis as 
origin ; then the coordinates of the two lights may be given as (i, 0, 0), (— i, 0, 0), 
and by theory 



(a;-Z)» -1-1/2 -f-2* {x+lf+y^+z^ 



.(1), 



or a;«+3/«+2«4-2J^^a;-f-i2=0. . . .(2), a sphere. 

Also solved by G. B. M. ZEBB, and J. SCBEFI'EB. 

148. Proposed by DR. E. D. BOE, JB., Associate Professor of Mathematics io Syracuse University, Syra- 
cuse, N. T. 

The condition that two triangles, abc, xyz, are similar is 

111 
\ahc =0, 
\ X y z 
and the condition that the triangle abc is equilateral is 

a b I 



b e I 
c a 1 



=0. 



(Used in solving 130.) 



I. Solution by the PBOPOSEB. 

First. The given conditions are necessary, for if two triangles ahc, xyz, be 

similar, then = = ^^r....il), for this expresses not only that 

yu^~y y^~z /b^~x 

the homologous sides are proportional, but also that the homologous angles are 
equal. (1) is equivalent to the equations 

a—b=rix — y) 
b-c=riy-z) . ..(2). 
c—a=r{z—x) 



get 



or 



1 1 1 

abc 
X y z 
are similar. 



Multiplying the equations (2) by x, y, and z, respectively, and adding, we 
S(a-6)2=rS(a;-3/)2=0. . . .(3), 
=0. . . .(4), which is therefore necessary at least, if the triangles 
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If the triangle abc is equilateral, it is also equiangular, and 



a—b b—c c~a ,.^ 

-r = = r=v (5), or 

o—e c—a a~b 



a— &=r(6— c) 
b—c=r{c—a) 
c—a=r{a—b) 



.(6). 



Multiplying these equations by a, b, c, respectively, and adding, we have 
So«— Sa6=rS(6-c)a=0 (7), or 

=0....(8), 



a 


b 


1 


b 


c 


1 


c 


a 


1 



and this condition is also at least necessary. 

Second. These conditions are also sufficient. For, with 



a—b 



or what is the same thing, with 



Tg, -— — =r3 (9), 



z—x 



a—b^=:r^{x—y) 

b—c=r^{.y—z) 

c—a=r^{z—x) 



..(10) 



form 



1 


1 


1 


a 


b 


c 


X 


y 


2 



=(a— 6)z+(6— c)a;+(c— a)2/ 



=rX^—y)+r2xiy—z)+rgy{z—x) (11), 

and put this equal to zero. We are then to prove in fact that this obliges r-j, r^, 
rj to be equal to one another. We have 

ri2(a;— i/)+r2x(2/— 2)+rg2/(z— a;)=0 (12). 

r,{x-y)+r^(y-z)+r^{z-x)=^. .. .(IS). 

The latter equation comes by adding equations (10) together. By solving 
(12) and (13), 
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oiiy—z) yiz—x) 
(y—z) iz—x) 



iz—x) 



X y 

1 i 



z{x—y) x{y—z) 

(x-y) iy-z) 

y{z—x) z{x—y) 

(z—x) ix—y) 




.(14). 



=1. 



z{,x—y) x(y-z) 
(x-y) iy-z) 



(y-e) 



s X 
1 1 



or rj=r3, r^=rg, and therefore »',=r'g=:r,, . . .(15), whence the homologous sides 
of the triangles abc, xyz are proportional, and their homologous angles are equal, 
and the triangles are in fact similar. In the other case form 



=r^a{b—c) + r2bi — a)+r^c(a—b) 
b-c 



a 


b 


1 


b 


c 


1 


c 


a 


1 



where r,; 



a—b 



b-c' ''~ 
and put this equal to zero. We have 



c—a 



c—a 
a~b 



.(16), 



ria(,b—c) + r2b{c—a)-\-r^c{a — b)=0. 

ri(6 — c)+r5(c— a) + r,(a— 6)^0 (17). 

^]^2''3=1- 

The last two of equations (17) come from (16). As before, by solving the 
first two equations of (17) for r-^/r^, r^/r^, we get rj=rg=rg=r say ; by the last 
of equation (17) r'— 1, therefore 

r=l 

r=cos60°+isin60° .... (18), 

r=cosl20°+'isinl20° 

and the only solution applying to a geometrical triangle in the plane is the sec- 
ond, which in fact determines an equilateral triangle, since modulus r=l, argu- 
ment r:=60°. 

Since the conditions are both necessary and sufficient, they are the required 
conditions. 



Oal. 



II. Solntion by LON C. WALKER, Assistant in mathematics, Leland Stanford Jr. University, Palo Alto, 
LetZj, Zj, Zg represent the vertices of a triangle in a a-complex-number- 
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plane, and letz'j, z\, z\ represent the corresponding vertices in a z'-complex- 
number-plane. 

A transformation can always be found that will change 2, in z',, and z, in- 
to z\. For this it is sufficient that a and h in 



z',=a2+6 \ ,, 
z',=az,+6;----^^^' 



shall satisfy the condition 



^^ g'.,-z', ^ ^^^^ z.z,-z^z, 

Zg—Z, 



l''8^_f8fl 



Every transformation of the plane into itself that leaves every figure in 
the plane similar to itself is expressible in the form 

z'=az+h... (2). 

The value of a and b in (1) must satisfy the equation z'3=az3 +b. 
For this the necessary and sufficient condition is 



z\—z 



z «—z 



z,—z^ 



Zn'-—Z, 



81 ^ 



21 
2,, 1 



The conditions that the sides shall be equal are 



2,-02 



So — So S» — Z 



3 



'1 , 



21, 


z.„ 


1 


2s, 


231 


1 


?3, 


^1, 


1 



=0. 



"2 — "S "3 — "1 "1 — '*2 
Also demonstrated by WILLIAM HOOVER, G. S. M. ZEBB, J. W. YOUNG, and J. SCHEFFEB. 



CALCULUS. 



108. Proposed bjr JOHN M. OOLAW, A. H., Monterey, Va. 

The hypotenuse of a plane right triangle increases uniformly at the rate of 1-12 of 
an inch a second. If the legs are as 2 to 3, at what rate is the area of the triangle increas- 
ing when the perpendicular from the right angle upon the hypotenuse is 12 inches 7 

Solution by C. HOENnNG, A. M., Heidelberg University, Tiffin, 0.; H. C.WHITAKER, Ph. D., Manual Train- 
ing School, Philadeltibia, Pa.; J. W. YOUNG, Cornell University, Ithaca, S. 7.; P. S. BEBG. Larimore, N. D.; and 
D. G. DOBBANGE, Jr., Camden, N. T. 

Let a;=:the length of the hypotenuse, and y=the area. 
Then dx=-^, and dy is required when the perpendicular from the right 
angle to the hypotenuse equals 12. 

3x^ , , ^xdx 



From the condition of the problem y=——, whence dy= 
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